STABILITY OF HYPERSURFACES WITH CONSTANT R-TH 
ANISOTROPIC MEAN CURVATURE 
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Abstract. Given a positive function F on 5*" which satisfies a convexity condition, we 
define the r-th anisotropic mean curvature function for hypersurfaces in R"+^ which 
is a generahzation of the usual r-th mean curvature function. Let X : M — > R""*"^ be an 
n-dimensional closed hypersurface with H^+i ^constant, for some r with < r < n — 1, 
which is a critical point for a variational problem. We show that X{M) is stable if and 
only if X{M) is the Wulff shape. 



§1. Introduction 

Let F: ^ M"*" be a smooth function which satisfies the fohowing convexity condi- 
tion: 

(1.1) {D'^F + Fl)^. > 0, Vx G S"", 

where 5" denotes the standard unit sphere in M"^^, D^F denotes the intrinsic Hessian 
of F on 5" and 1 denotes the identity on TxS^, > means that the matrix is positive 
definite. We consider the map 

X ^ F{x)x + (grad_5n F)^-, 

its image Wp = (j){S^) is a smooth, convex hypersurface in M"^"^ cahed the Wulff shape 
of F (see [3], [7], [8], [TO], [l3], [IT], [TO]). We note when F = 1,Wf is just the sphere 5"^. 

Now let X : M ^ M"+^ be a smooth immersion of a closed, orientable hypersurface. 
Let z^: M — > 5" denotes its Gauss map, that is, v is the unit inner normal vector of M. 

Let Ap = D'^F + Fl, Sp = -d(0 o v) = -Ap o dv. Sp is called the F-Weingarten 
operator, and the eigenvalues of 5*^ are called anisotropic principal curvatures. Let (Jr be 



2000 Mathematics Subject Classification. Primary 53C42, 53AI0; Secondary 49Q10. 

Key words and phrases. Wulff shape, F-Weingarten operator, anisotropic principal curvature, r-th 
anisotropic mean curvature. 

The first author was partially supported by Youth Science Foundation of Shanxi Province, China (Grant 
No. 200602I00I). 

The second author was partially supported by the grant No. 10531090 of the NSFC and by SRFDP.. 

1 



2 



Y. J. HE AND H. LI 



the elementary symmetric functions of the anisotropic principal curvatures Ai, A2, ■ ■ ■ ,\n- 

(1.3) ar= Yl ^h---K (l<r<n). 

ii<-<ir 

We set (To = 1. The r-th anisotropic mean curvature is defined by = ar/C^, also 
see Reilly [15] . 

For each r, < r < n — 1, we set 

(1.4) £/r,F = / F{u)ardAx. 
The algebraic (n + l)-volume enclosed by M is given by 

(1.5) ^ = ^ / {X,i^)dAx. 

n + 1 Jm 

We consider those hypersurfaces which are critical points of £^r,F restricted to those 
hypersurfaces enclosing a fixed volume V. By a standard argument involving Lagrange 
multipliers, this means we are considering critical points of the functional 

(1.6) ^r,F-A = <F + AV{X), 

where A is a constant. We will show the Euler-Lagrange equation of ^r,F;A is: 

(1.7) (r + l)ar+i - A = 0. 

So the critical points are just hypersurfaces with H^_^i = const. 

li F = 1, then the function £/r,F is just the functional = SrdAx which was 
studied by Alencar, do Carmo and Rosenberg in [IJ, where Hj- = Sr/C^ is the usual r- 
th mean curvature. For such a variational problem, they call a critical immersion X of 
the functional £/r (that is, a hypersurface with Hj-\-i = constant) stable if and only if 
the second variation of ^ is non-negative for all variations of X preserving the enclosed 
(n -|- l)-volume V. They proved: 

Theorem 1.1. (|1]) Suppose < r < n — 1. Let X: M — > M"-"*"^ be a closed hypersurface 
with Hr+i = constant. Then X is stable if and only if X{M) is a round sphere. 

Analogously, we call a critical immersion X of the functional £/r,F stable if and only 
if the second variation of ^r,F (or equivalently of ^r,F;h) is non-negative for all variations 
of X preserving the enclosed (n -|- l)-volume V . 

In [13], Palmer proved the following theorem (also see Winklmann [18j): 

Theorem 1.2. ([13]) Let X: M ^ M""*"^ be a closed hypersurface with Hf =constant. 
Then X is stable if and only if, up to translations and homotheties, X{M) is the Wulff 
shape. 

In this paper, we prove the following theorem: 
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Theorem 1.3. Suppose < r < n — 1. Let X : M — > M"^" be a closed hypersurface with 
H^_^i =constant. Then, X is stable if and only if, up to translations and homotheties, 
X{M) is the Wulff shape. 

Remark 1.4. In the case -F = 1, Theorem [L3] becomes Theorem ll.il Theorem 11.31 gives 
an affirmative answer to the problem proposed in [8]. 



§2. Preliminaries 

Let X : M ^ R"~^^ be a smooth closed, oriented hypersurface with Gauss map 
I/: M — > 5", that is, v is the unit inner normal vector field. Let Xt be a variation of 
X, and f( : M — > 5" be the Gauss map of X^. We define 

(2.1) f^ifr. 

where T represents the tangent component and ^|J, ^ are dependent of t. The corresponding 
first variation of the unit normal vector is given by (see [10] , [13] , [18] ) 

(2.2) 1/; = -gradV + dz.t(C), 

the first variation of the volume element is (see [2], [4] or [9]) 

(2.3) dtdAx, = (div C - nH^)dAx, , 
and the first variation of the volume V is 

(2.4) V'{t)= [ i;dAx„ 

Jm 

where grad, div, H represents the gradients, the divergence, the mean curvature with 
respect to Xt respectively. 

Let {-El, ■ • • ,En} be a local orthogonal frame on S"', let = ei{t) = EiO vt, where 
i = 1, • • • , n and ut is the Gauss map of Xt^ then {ei, • • • , e^} is a local orthogonal frame 
of Xt: M ^ R"+i. 

The structure equation of x : 5" ^ R""*"^ is: 



(2.5) 



, dOij — X^j^. Oik A Okj = — i Rijkfik /\0i = —Oi A 



where % + 9ji = and Rijki = 5ik6ji - 5u5jk- 
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The structure equation of Xt is (see [H] , [l2] ) : 
dXt = Yji ^ie-i 

(2.6) { dei = Ylj ^ij^j + Ylj hijujjvt 

dui = Y,j ^ij A ujj 

doJij — J2k A LOkj = — 2 J2kl ^ijklGk A 9i 

where coij + cuji = 0, Rijki + Rijik = 0, and Rijki are the components of the Riemannian 
curvature tensor of Xt{M) with respect to the induced metric dXt ■ dXf. Here we have 
omitted the variable t for some geometric quantities. 

From dei = d{Ei o ft) = T^t'^Ei = Y,j ^t^^ij^^j - ^t^^i^t, we get 



(2.7) 



Y,j hi j to J, 



— hji. 



where ojij + ujji = 0, hi 

Let F : S"" — > R"*" be a smooth function, we denote the coefficients of covariant differ- 
ential of F, gradgn F with respect to {-Ei}i=i,... ,n by Fi,Fij respectively. 

Prom d{F{iyt)) = u^dF = u^iY,, FA) = - E^J(.P^ ° ^t)h^JUJJ, thus 

(2.8) grad(F(z.t)) = - ^(F^ o ut)h,jej = dz.t(grads„ F). 



Through a direct calculation, we easily get 
(2.9) d(/) = {D^F + Fl) o dx = ^ A^jO^Ej , 

where Aij is the coefficient of ^i?, that is, Aij = Fij + F5ij. 
Taking exterior differential of (j2.9p and using (j2.5p we get 

(2-10) Aiji^ = Ajif^ = Aif^j, 

where Aiji^. denotes coefficient of the covariant differential of Aj? on S*". 
We define {Aij o vi)^. by 

(2.11) d{Aij o vt) +Y,(Akj 



By a direct calculation using (j2.7p and (|2.1ip . we have 
(2.12) {Aij o ut)k = - ^ hkiAiji o ut. 



We define by 
(2.13) 



^ dt ' 
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where T denote the tangent component, then Lij = —Lji and we have (see [2], [1] or [9]) 

(2.14) h'ij = ipij + '^{hijkCk + i'hikhjk + hikLkj + hjuLki}- 

k 

Let Sij = Aikhkj, then from <\2.7h and l\2.9\\ . we have 

(2.15) d{(l) o = v*d(j) = - ^ SijLOjei. 

ij 

We define Sp hy Sp = —d{(j) o u) = —Ap o du, then we have Sp^e-j) = Yli ^ij^i- We call 
Sp to be F-Weingarten operator. From the positive definite of (Aij) and the symmetry 
of (hij), we know the eigenvalues of (sij) are all real, we call them anisotropic principal 
curvatures, and denote them by Ai, • • • , A„. 

Taking exterior differential of (j2.15p and using (j2.6p we get 

(2.16) Sjjfc ~ ^ikjj 

where Sijk denotes coefficient of the covariant differential of Sp. 

We have n invariants, the elementary symmetric function ar of the anisotropic prin- 
cipal curvatures: 

(2.17) ^r= Yl ^n---Ai„ (l<r<n). 

il<---ir 

For convenience, we set ctq = 1 and an+i = 0. The r-th anisotropic mean curvature is 
defined by 

(2.18) = ar/c;,, c; 



r!(n — r)! 
We have by use of ([22]) and (USD 



(2.19) ^ij '^i- 2^ij{[^[^ij^i ® ^j))iyt,'^t) 

= - T.ijk ^ijkii'k + J2i hki^i)ei (8) ej, 
where D is the Levi-Civita connection on S*"". 

On the other hand, we have 
p.2„) ^ i(iA,E.^E,)o.,) ^ ^ ^ ^_^jde. ^ ^ ^ ||, 

By use of (f233D . we get from (1239]) and ([2:20]) 
(2.21) "^^^y ''^^ = = J2^-^ijki^k - ^ijkhkiii + AikLkj + AjkLki}. 

k I 

By (I2.12|) . ()2.14p . ()2.2ip and the fact L^j = —Lji, through a direct calculation, we get 
the following lemma: 
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dSi ■ 

Lemma 2.1. = s'^-{t) = I]fc{(^ifeV'fc)i + Sijk^k + i^Sikh^j + SkjLki + SikLkj}. 

As M is a closed oriented hypersurface, one can find a point where all the principal 
curvatures with respect to are positive. By the positiveness of vl^, all the anisotropic 
principal curvatures are positive at this point. Using the results of Garding ([5]), we have 
the following lemma: 

Lemma 2.2. Let X : M — > M"+^ be a closed, oriented hypersurface. Assume H^,^ > 



V+i 

holds on every point of M, then > holds on every point of M for every k = 1, ■ ■ ■ ,r. 



Using the characteristic polynomial of Sp, o"r is defined by 

n 

(2.22) det{tl - Sf) = ^(-l)V^i"-^ 

So, we have 

(2-23) a, = i Yl ^n■■■i:^nn■■■s^rJr, 

where ^l^./J^ is the usual generalized Kronecker symbol, i.e., Sj^.'J^ equals +1 (resp. -1) if 
ii ■ ■ ■ ir are distinct and (ji • • • jV) is an even (resp. odd) permutation of {ii ■ ■ ■ ir) and in 
other cases it equals zero. 

We introduce two important operators Pr and T,. by 

(2.24) Pr = arl -ar-iSF + '-' + i-lYS^p, r = 0,l,---,n, 

(2.25) Tr = PrAF, r = 0, 1,--- ,n-l. 
Obviously Pn = and we have 

(2.26) Pr = (Trl — Pv-iSf = CTrl + Tr-idu, r = 1, • • • , n. 

Prom the symmetry of Af and dz^, SpAp and du o Sp are symmetric, so Tj. = PrAp 
and du o Pj. are also symmetric for each r. 

Lemma 2.3. The matrix of Pr is given by: 

(2-27) ~ ^ii---irj ^ilJl "' ^irjr 

' h,-- ,ir;jl,-- ,jr 

Proof. We prove Lemma 12.31 inductively. For r = 0, it is easy to check that ()2.27p is true. 
Assume (|2.27p is true for r = k, then from (j2.26p . 

{Pk+l)ij = (^k+l^) -Y,l{Pk)ilSlj 

1 

- \ sr^ xh-3k+ii 
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□ 

Lemma 2.4. For each r, we have 

(i) - EJiPr),^J=0, 

(ii) . tliPrSp) = (r + l)cj,+i, 

(iii) . tr(fr) = {n — r)ar, 

(iv) . tr{PrSj,) = aiGr+i - (r + 2)ar-\-2- 

Proof. We only prove (ii), the others are easily obtained from (|2.23p . (j2.26p and (j2.27p . 
Noting (j, jV) is symmetric in Sj^j^ • • • Sj,,j,,j by (|2.16p and (j, jV) is skew symmetric in 



□ 



Remark 2.5. When F = 1, Lemma [2.4l was a well-known result (for example, see Barbosa- 
Colares [2], Reilly [H], or Rosenberg [E]). 

Since Pr-iSp is symmetric and Lij is anti-symmetric, we have 

(2.28) "^^{Pr^i) ji{skjLki + SikLkj) = 0. 

Prom ([236]) . ([2:26]) and (i) of Lemma [231 we get 

(2.29) {ar)k = ^(o'r<5jfc)j = ^(^r)jfcj + ^[(-Pr-OjiSifcli = '^{Pr-l) jiSijk- 

§3. First and second variation formulas of ^r,F;A 
Define the operator Lr : C°°(M) ^ C°°(M) as following: 

(3.1) L,/ = ^[(T,),,/,]i. 

hj 

Lemma 3.1. = (j'^{t) = Lr-i^J + tp{Tr-i odut,di^t) + (grad (Jr, ^). 
Proo/. Using ([22SD, ([223), ([222D, Lemma [231 Lemma [23] and (i) of Lemma [231 we have 
rr' - I V (^•^^■■■■^''s s- s' . 

— YlijkiPr-l)jiS'^j 

= Z]ijfe(^'--i)ji[(^jfc''/'fc)i + i'Sikhkj + Sijkik + SkjLki + SikLkj] 

= T.ijk[iPr-l)jiA^k1^^k]j + ^ T.ijkl{Pr-l)jiAilhikhkj + T.ki'^r)kik 
= 12jk[{^r-l)jk'^k]j + 'ipYlijki'^r-l)jihikhkj + Y.k(^r)k£,k 

= Lr^ii^ + 'tp{Tr^i odut,diyt) + (gradcrr,^. 
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□ 

Lemma 3.2. For each < r < n, we have 

(3.2) div(P,(grads„ F) o ut) + F{ut) tv{Pr o dut) = -(r + 1)ct^+i, 
and 

(3.3) div(P^X^) + {X, vt) tr(Pr o dz^t) = (n - r)(Jr. 

Proof. From (pIB]) . (pJ5]) and Lemma [231 

div(Pr(grad5n F) o f^) = div {Pr {(j) ° ^t)^) 

= - Y.ij {Pr)jiSij + F{iyt) Y.ij {Pr)jihij 
= - triPrSp) - F{vt) iT{Pr o dvt) 
= -{r + l)ar+i-F{ut)tr{Produt), 

div(P,X^) = Y.^Jm),^{X,e,)), 

= J2ij {Pr)jAj + {Pr)jihij {X, Vt) 

= il{Pr)-iT{PrOdUt){X,Vt) 

= {n - r)ar -ir{Pr o dut){X,h't). 
Thus, the conclusion follows. □ 

Theorem 3.3. (First variational formula of £^r,F) 

(3.4) = _(^ + l) /" ^ar+idAx,. 

J M 

Proof. We have {F{vt))' = (gradcjn F, so by use of LemmaEH LemmaES (1221), (1231), 
(j2.8p . ()2.26p and Stokes formula, we have 

<f(*) = kAP^^tX + {F{T^t))'(yMAx, + F{ut)ardtdAx, 

= IhAP'^'^i) div(Tr_i gradV') + F {i^t)ip {Tr-i o di^tA^t) + F(ft)(gradcrr,0 

+ (cJr.(grad5n F) o ut,-gvadip + duti^)) + F{ut)ar{-nH'tp + div^)}dAxt 
= J^^j{-{gicadiF{ut)),Tr-igmdij) + F{ut)^P{Tr-i o dut,di^t) 

+ {F{vt) grad cr^, + div(o-,.(grad5n F) o i/^) + (o-,. grad(F(ft)), 

-nHiPF{ut)ar + F(i/t)c7^ div^d^x, 
= /M{-(T'r-igrad(F(i/0),gradV) + F(z^t)V'(7;-i odi/t,dzyt) 

4-V'div(crr-(gi'ad5'n F) o ut) — nHipF(i't)crr}dAxt 
= J^j V'{div(crr(grad5n F) o ut) + div(r^_i grad(F(t't))) 

+F{ut){Tr-i o dut,dut) - nHF{ut)ar}dAx, 
= J^j- ■0{div[(cJr, + Tr-i o di/t)(grad5„ F) o ut] 

+F{ut) tr[(r^_i o dut + arl) o dut]}dAx, 
= fj^.j V'{div(P^(grad5„ F) o ut) + F{vt) tT{Pr o dut)}dAx, 
= -{r + 1) Jm tp<yr+idAxt. 
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□ 

Remark 3.4. When F = 1, Lemma 4.1 and Theorem 13.31 were proved by R. Reilly |14j 
(also see [2], 

From (^M), (123]) and ([33]), we get 

Proposition 3.5. (the first variational formula). For all variations of X preserving V, 
we have 

(3.5) <(t) = p.j,it) = - [ V{(r- + l)^r+i - A}dAx,. 

Jm 

Hence we obtain the Euler-Lagrange equation for such a variation 

(3.6) (r + l)ar+i - A = 0. 

Theorem 3.6. (the second variational formula). Let X : M — > R"^^ be an n-dimensional 
closed hypersurface, which satisfies (13. 6p . then for all variations of X preserving V, the 
second variational formula of £/r,F at t = is given by 

(3.7) <(0) = ^;Va(0) = -{r + 1) / i^{Lri^ + ^{Tr o di^, dz.)}d^x, 

' ' Jm 

where ip satisfies 

(3.8) / il^dAx = 0. 

Jm 

Proof. Differentiating (|3.5p . we get (|3.7p by use of (|3.6p . □ 

We call X : M — > i?"^^ to be a stable critical point of J^r,F for all variations of X 
preserving V, if it satisfies ()3.6p and i2^^"(0) > for all tp with condition (13. 8p . 

§4. Proof of Theorem 11.31 

Firstly, we prove that if X{M) is, up to translations and homotheties, the Wulff 
shape, then X is stable. 

From dcj) = {D^F + Fl) o dx, dcj) is perpendicular to x. So = —x is the unit inner 
normal vector. We have 

(4.1) d(j) = -Af odv = AjkhkiUJiCj. 

ijk 

On the other hand, 

(4.2) d(p = Y,^iei, 

i 

SO we have 

(4.3) Sjj = y^^Ajkhkj = 5ij. 

k 
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From this, we easily get cTr = and Ur+i = C*^^^, thus the Wulff shape satisfies p.6p 
with A = (r + l)Cn^^- Through a direct calculation, we easily know for Wulff shape, 

(4.4) <'(0) = -(r + l)C;_i / [dwiApgmdi;) + iP{Af o du,diy)]dAx, 

JM 

and ij) satisfies 

(4.5) / il^dAx = 0. 

JM 

From Palmer [13] (also see Winklmann [H]), we know i2^^"(0) > 0, that is, the Wulff shape 
is stable. 

Next, we prove that if X is stable, then up to translations and homotheties, X{M) 
is the Wulff shape. We recall the following lemmas: 

Lemma 4.1. ([7], [8]) For each r = 0, 1, • • • , n — 1, the following integral formulas of 
Minkowski type hold: 

(4.6) [ {H^F{u)+H^_^,{X,u))dAx = 0, r = 0, 1, • • ■ , n - 1. 

JM 

Lemma 4.2. ([7j, [8], [13]) If Ai = A2 = • • • = A„ = const ^ 0, then up to translations 
and homotheties, X{M) is the Wulff shape. 

From Lemma 14.11 and (jS.Sp . we can choose ip = aF{v) + H!^^i{X,u) as the test 
function, where a = fjy,jF{v)H^dAx/ fjf^.jF{v)dAx- For every smooth function f : M ^ 
M, and each r, we define: 

(4.7) Ir[f] = Lrf + f{Trodiy,du), 
Then, we have from (|3.7p 

(4.8) <"(0) = -(r + l) / ipir[^P]dAx. 

JM 

Lemma 4.3. For each < r < n — 1, we have 

(4.9) Ir[F oiy] = -(gradfj^+i, (grad^n F) o u) + aiar+i - (r + 2)0-^+2, 
and 

(4.10) Ir[{X,i^)] = -{giad ar+uX^) - (r + l)cT,+i. 

Proof. From ([22]) and (|2:26]) . 

I^.[F ou] = div{r,, grad(F(z^))} + F{v){Tr o dv, dv) 

= div(rr o dz^(grad5.n F) o u) + F{v){Tr o dv, dv) 

= div(Pr+i(gi'ad5„ F) ov) + F{v) iT{Pj.+idv) — (gradfJr+i, (grad^™ F) o v) 
-a^+i{div(Po(grads„ F) o v) + F{u) tr(PodJ^)}, 
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Ir[{X,v)] = diY{TrgY&d{X,u)) + {X,v){TrOdv,dv) 

= diY{TroAvX^) + {X,v){Trodv,dv) 
= div(P,.+iXT) + {X,v)ti{Pr+idv) - (grada^+i,XT) 
-(j,+i{div(Po^T) + {X, u) iT{P^du)}. 
So the conclusions follow from Lemma 13.21 □ 

As Hy,_^^ is a constant, from (j4.9p and (j4.10p . we have 

IrVI^] = aIr[Fov]+H^^Jr[{X,v)] 

(4.11) = a{aiar+i - {r + 2)ar+2) - {r + l)H^+-^ar+i 

= C:+Ha[nH[H^_^, - {n - r - 1)H^^,] - (r + 1){H^_,,)'}. 

Therefore we obtain from Lemma l4.ll (recall -ff^i is constant and il^dAx = 0) 

= -Im ^C:-^Ha[nH[H^^, -{n-T- l)H^^,] - (r + l){H^^,ndAx 
= /m[«^(^) + H^+ii^, v)][nHfH^_,, -(n-r- \)H^^^\dAx 

= -a2c;+i F{v)[nH(HP^^ -{n-r- l)HP^^]dAx 

-aC^^+^H^^, J,,^{X, i^)[nH[H^^, -{n-r- l)H^^2]dAx 
= -a^CJ^+^ J,, F{u)[nH[H^^, -{n-r- l)H^+^]dAx 

+aC:+^H^^, J^jF{u)[nH^^, -{n-r- l)H^+,]dAx 
= _a\n - r - l)C;+i F{v){H( H^^^ - H^^,)dAx 

As H^.j^Y is a constant, it must be positive by the compactness of M. Thus, by Lemma 
12.21 iff^, • • • , H!^ are all positive. So, from [6] or [19], we have: 

(i) for each < r < n — 1, 

(4.12) HfH^^^ - H^^2 > 0, 
with the equality holds if and only if Ai = • • • = A„, and 

(ii) for each 1 < r < n — 1, 

F{i.)H[dAx F{v)^dAx - (/,, F{v)dAx? 

^ ^ ^ > Li mHfdAx h, F{u)/H[dAx - (/^ F{u)dAxr 

> 0, 

with the equality holds if and only if Ai = • • • = A„. 

Prom (14.121) and (j4.13p . we easily obtain that, for each < r < n — 1, 

<(0) < 0, 
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with the equahty holds if and only if Ai = • • • = A^- Thus, from Lemma 14.21 up to trans- 
lations and homotheties, X{M) is the Wulff shape. We complete the proof of Theorem 
Ol 
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